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Abstract 

We compare three transitivity properties of finite graphs, namely, 
for a positive integer s, s-distance transitivity, s-geodesic transitivity 
and s-arc transitivity. It is known that if a finite graph is s-arc transi- 
tive but not (s + l)-arc transitive then s < 7 and s 7^ 6. We show that 
there are infinitely many geodesic transitive graphs with this property 
for each of these values of s, and that these graphs can have arbitrar- 
ily large diameter if and only if 1 < s < 3. Moreover, for a prime 
p we prove that there exists a graph of valency p that is 2-geodesic 
transitive but not 2-arc transitive if and only if p = 1 (mod 4), and 
for each such prime there is a unique graph with this property: it is 
an antipodal double cover of the complete graph Kp+i and is geodesic 
transitive with automorphism group PSL{2,p) x Z2. 

Keywords: Graphs; distance-transitivity; geodesic-transitivity; arc-transitivity 

1 Introduction 

The study of finite distance-transitive graphs goes back to Higman's paper 
[9] in which "groups of maximal diameter" were introduced. These are per- 
mutation groups which act distance transitively on some graph. The family 
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of distance transitive graphs includes many interesting and important graphs, 
such as the Johnson graphs, Hamming graphs. Odd graphs, Paley graphs and 
certain antipodal double covers of complete graphs that are discussed in this 
paper. 

We examine graphs with various symmetry properties which are stronger 
than arc-transitivity. The weakest of these properties is s-distance transitiv- 
ity where s is at most the diameter of the graph (see Section 2 for a precise 
definition), in which, all pairs of vertices at a given distance at most s are 
equivalent under graph automorphisms. If s is equal to the diameter, the 
graph is said to be distance transitive. 

For a fixed integer s > 2, two stronger concepts than s-distance transi- 
tivity are important for our work. The first is s-geodesic transitivity for s 
at most the diameter, in which for each integer t < s, all ordered t-paths 
{vo,vi, ■ ■ ■ ,Vt) for which vo,Vt are at distance t, are equivalent under graph 
automorphisms. Such t-paths are called t-geodesics. The second property 
is s-arc transitivity, in which for each integer t < s, all ordered t-walks 
(fo,fi,--- ,Vt), with Vi_i ^ fj+i, for each i = 1,2, ■ ■ ■ ,t — 1, are equiva- 
lent. It is straightforward to verify that, for s at most the diameter, s-arc 
transitivity implies s-geodesic transitivity, which in turn implies s-distance 
transitivity. The purpose of this paper is to provide some insight into the 
differences between these conditions, especially for s = 2. 

A graph is called geodesic transitive if it is s-geodesic transitive for s 
equal to the diameter. Geodesic transitive graphs are in particular 1-arc 
transitive, and may or may not be s-arc transitive for some s > 1. Our first 
result specifies the possible arc transitivities for geodesic transitive graphs. 
We note that (see [20]) if a finite graph is s-arc transitive but not (s -|- l)-arc 
transitive then s G {1, 2, 3, 4, 5, 7}. 

Theorem 1.1 For each s G {1, 2, 3, 4, 5, 7}, there are infinitely many geodesic 
transitive graphs that are s-arc transitive but not {s-\-l)-arc transitive. More- 
over, there exist geodesic transitive graphs that are s-arc transitive but not 
{s-\-l)-arc transitive with arbitrarily large diameter if and only if s G {1, 2, 3}. 

Theorem II. II is proved in Section 3 by analysing some well-known families 
of distance transitive graphs, namely, Johnson graphs, Hamming graphs. Odd 
graphs and classical generalized polygons. In fact if s > 4, then all graphs 
with the property of Theorem 11.11 have diameter at most 8 and are known 
explicitly, see Proposition 13.61 

Our second result is the main result of the paper, proved in Subsection 
5.1. It classifies explicitly all 2-geodesic transitive graphs of prime valency 
that are not 2-arc transitive. 
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Theorem 1.2 Let T be a connected 2-geodesic transitive but not 2-arc tran- 
sitive graph of prime valency p. Then T is a nonbipartite antipodal dou- 
ble cover of the complete graph Kp^i, where p = 1 (mod 4). Further, T is 
geodesic transitive and T is unique up to isomorphism with automorphism 
group PSL{2,p) x Z2. 

This family of graphs arose also in [71 [101 IE] iii different contexts, and 
they are distance transitive of diameter 3. We prove in Lemma [5741 that each 
graph in the family is geodesic transitive. In Subsection 5.2, we construct 
these graphs as in [TU] and prove that they satisfy the hypotheses of Theorem 
11.21 It would be interesting to know if a similar classification is possible for 
non-prime valencies. This is the subject of further research by the second 
author. 

We complete our comparison of these transitivity properties by producing 
2-distance transitive graphs that are not 2-geodesic transitive. We give just 
one infinite family of examples, namely the Paley graphs P{q) where g > 13 
is a prime power and q = 1 (mod 4) (see Section 4 for a definition). These 
graphs P{q) have diameter 2 and are well-known to be distance transitive. 
The information about these graphs is important for the proof of Theorem 

o 

Theorem 1.3 Let q = 1 (mod 4) be a prime power. Then the Paley graph 
P{q) is distance transitive for all q, but P{q) is geodesic transitive if and only 
if q = 5 or 9. 

Remark 1.4 The Paley graphs P{q) with g > 9 seem to be the first family 
of diameter 2 graphs observed to be distance transitive but not geodesic 
transitive. Since all diameter 2 distance transitive graphs are known, it 
would be interesting to know which of them are geodesic transitive. 

These results give some insight into the relationship between s-distance 
transitivity, s-geodesic transitivity and s-arc transitivity for s = 2. It would 
be interesting to understand the relationship between these properties for 
larger values of s. 

2 Preliminaries 

All graphs of this paper are finite, undirected simple graphs. We first 
give some definitions which will be used throughout the paper. Let F be a 
graph. We use VT, ET, and AutP to denote its vertex set, edge set and full 
automorphism group, respectively. The size of VT is called the order of the 
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graph. The graph F is said to be vertex transitive (or edge transitive) if the 
action of AutF on VT (or ET) is transitive. 

For (not necessarily distinct) vertices u and v in VT , a walk from u io v 
is a finite sequence of vertices {yo,vi, ■ ■ ■ ,Vn) such that vq = u, Vn = v and 
(fj,fj+i) G ET for all i with < i < n, and n is called the length of the 
walk. If Vi 7^ f j for < i < j < n, the walk is called a pat/i from -u to f . The 
smallest value for n such that there is a path of length n from m to f is called 
the distance from u to f and is denoted dr{u,v). The diameter diam(F) of 
a connected graph F is the maximum of dr{u,v) over all m, v e l^F. 

Let G < AutF and s < diam(F). We say that F is [G, s) -distance transi- 
tive if, for any two pairs of vertices (ui,fi), (^2,^2) with the same distance 
t < s, there exists g EG such that {ui.ViY = (u2,f2)- 

For a positive integer s, an s-arc of F is a walk (t>o, Wi, ■ ■ ■ , Vg) of length 
s in F such that vj^i ^ vj^i for 1 < j < s — 1. Moreover, a 1-arc is called 
an arc. Suppose G < AutF. Then F is said to be (G, s)-arc transitive if, for 
any two t-arcs a and {3 where t < s, there exists g E G such that = /3. 
A remarkable result of Tutte about (G, s)-arc transitive graphs with valency 
three shows that s < 5, see [ISIIIS]. About twenty years later, relying on the 
classification of finite simple groups, Weiss in [20] proved that there are no 
(G, 8)-arc transitive graphs with valency at least three. For more work on 
(G, s)-arc transitive graphs see [6l [TU [15]. 

Let u, V be distinct vertices of F. Then a path of shortest length from u 
to V is called a geodesic from u to v, or sometimes an i-geodesic if (ir(u, v) = i. 
Moreover, 1-geodesics are arcs. If F is connected, for each z G {1, ■ ■ ■ , diam(F)}, 
we set geodi(T) = {all i-geodesics of F}. Let G < AutF and s < diam(F). 
Then F is said to be {G, s) -geodesic transitive if, for each i = 1,2, ■ ■ ■ ,s, 
G is transitive on geodj(F). When s = diam(F), F is said to be G-geodesic 
transitive. Moreover, if we do not wish to specify the group we will say that 
F is s-geodesic transitive or geodesic transitive respectively, and similarly 
for the other properties. 

The following are some examples of geodesic transitive graphs. 

Example 2.1 (i) For any n > 1, both the complete graph K„ and the com- 
plete bipartite graph Kn^n ore geodesic transitive. 

(ii) Let F = ¥^rn[b] be a complete multipartite graph with m > 3 parts of 
size b > 2. Then A := AutF = Sb I Sm is transitive on VT and on the set 
of arcs geodi(F). Let {u,v) be an arc ofV. Then |F2('u) fl F(t>)| = 6 — 1 and 
Au^y induces Sb^i on F2(m) fl F(t>), so F is 2-geodesic transitive. Since the 
diameter ofV is 2, it follows that F is geodesic transitive. 

We also give three infinite families of geodesic transitive graphs with 
arbitrarily large diameter in Section 3. 
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If a graph F is (G, s)-arc transitive and s < diam(r), then s-geodesics 
and s-arcs are same, and F is {G, s)-geodesic transitive. However, F can 
be (G, s)-geodesic transitive but not (G, s)-arc transitive. The girth of F, 
denoted by girthiV), is the length of the shortest cycle in F. 

Lemma 2.2 Suppose that a graph F is {G, s)- geodesic transitive for some 
G < AutF with 2 < s < diam(F). Then F is {G, s)-arc transitive if and only 
«/girth(F) > 2s. 

Proof. Note that each i-geodesic is an z-arc, for 1 < i < diam(F). Thus F 
is (G, s)-arc transitive if and only if each s-arc is an s-geodesic, and this is 
true if and only if girth(F) > 2s. □ 

An example of graphs which do not have the property of Lemma 12.21 for 
s = 2 are the complete multipartite graphs ¥^m[b] with m > 3 parts of size 
b > 2, which have girth 3, are 2-geodesic transitive (see Example 12.11 (ii)), 
but are not 2-arc transitive (by Lemma 12. 2p . 

In our study of Paley graphs we use the concept of a Cayley graph. For a 
finite group G, and a subset S of G such that 1 ^ S and S = S~^, the Cayley 
graph Cay(G, S) of G with respect to S is the graph with vertex set G and 
edge set {{g,sg} | (7 G G, s G S}. The group R{G) = {px\x G G}, where 
Px '■ 9 ^ gx, is a subgroup of the automorphism group of Cay(G, S) and acts 
regularly on the vertex set, that is to say, R{G) is transitive and only the 
identity pi^ fixes a vertex. It follows that Cay(G, S) is vertex transitive. 

The following is a criterion for a connected graph to be a Cayley graph. 

Lemma 2.3 ([T, Lemma 16.3]) Let T be a connected graph. Then a subgroup 
H of AutF acts regularly on the vertices if and only if F is isomorphic to a 
Cayley graph Cay(//, S) for some set S which generates H . 

For a graph F, the k-distance graph F^ of F is the graph with vertex set 
VT ., such that two vertices are adjacent if and only if they are at distance 
in F. \i d = diam(F) > 2, and F^ is a disjoint union of complete graphs, 
then F is said to be an antipodal graph. 

Suppose that F is an antipodal distance-transitive graph of diameter d. 
Then we may partition its vertices into sets, called fibres, such that any 
two distinct vertices in the same fibre are at distance d and two vertices in 
different fibres are at distance less than d. Godsil, Liebler and Praeger gave 
a complete classification of antipodal distance transitive covers of complete 
graphs. 

The following lemma follows directly from the Main Theorem of [7]. We 
shall apply it to characterise the examples in Theorem 11.21 
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Lemma 2.4 ([7J) Suppose thatG is a distance transitive automorphism group 
of a finite nonbipartite graph T. Suppose further that T is antipodal with fi- 
bres of size 2 and with antipodal quotient the complete graph Kn- Then either 
r = Kn[2\ of diameter 2, or T has diameter 3 and one of the following holds. 

I. r appears in [17] and is one of 

(a) n = 22™-i ± 2™-\ G < 2 x Sp{2m, 2) for some m > 3. 

(b) n = 22«+i + 1, G < 2 X Aut(i?(g)) for some a>l. 

(c) n = 176, HiS <G<2x HiS, orn = 276, C03 < G < 2 x G03. 

(d) n = + 1, G <2x PTU{3, q^) for some q > 3. 

{e)n = q + l,G<2x PEL(2, q) for some q = 1 (mod 4) . 

II. r is a graph appearing in Example 3.6 of and n = q^'^ with q even. 

Partitions and quotient graphs: Let G be a group of permutations act- 
ing on a set VL. A G -invariant partition of f2 is a partition B = {Bi, B2, • ■ ■ , Bn} 
such that for each g & G, and each Bi G B, the image Bf G B. The parts 
of fl are often called blocks of G on Q. For a G-invariant partition B of Q, 
we have two smaller transitive permutation groups, namely the group G^ of 
permutations of B induced by G; and the group Gg* induced on B^ by Gb^ 
where Bi E B. 

Let r be a graph, and G < AutF. Suppose B = {i?i,i?2, • ■ ■ , -Bn} is a 
G-invariant partition of V^F. The quotient graph Fg of F relative to B is 
defined to be the graph with vertex set B such that {Bi,Bj} is an edge of 
Fg if and only if there exist x G Bi,y G Bj such that {x,y} G ET. We say 
that is nontrivial if 1 < \B\ < \Vr\. The graph F is said to be a cover of 
Fg if for each edge {Bi, Bj} of Fg and v G Bi, we have |F(t>) H Bj \ = 1. 



3 Proof of Theorem 1.1 



In this section, we first describe three families of geodesic transitive 
graphs, each with unbounded diameter and valency, namely the Johnson 
graphs, Hamming graphs and Odd graphs. Graphs in these families are s- 
arc transitive but not (s + l)-arc transitive for various s < 3. In the last 
subsection, we give the proof of Theorem II. 1[ 

In the following discussion, for integers i,j, we define [i,j] = {n E Z\i < 
n < j}- Note that [i, i] = {i} and [i,j] = when i > j. 

3.1 Johnson graphs 

Let Q = [l,n] where n > 3, and let 1 < k < [|] where [|] is the integer 
part of ^. Then the Johnson graph J{n, k) is the graph whose vertex set is 
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the set of all fc-subsets of and two vertices u and v are adjacent if and 
only if \u n v\ = k — 1. Let F = J{n,k). By [3_, Section 9.1], F has the 
following properties: F has diameter k, valency k{n — k), AutF = Sn x Z2 
when n = 2k > 4, otherwise AutF = Sn, F is distance transitive, and for any 
two vertices u and v, 

u G Fj(f ) where j < A; if and only if |m fl f | = A; — j. (J*) 

Note that for k = 1, J{n,k) = which has diameter 1. So in the 
following discussion, we assume that k > 2 and n > 4. 

Proposition 3.1 Let F = J{n,k) where 2 < k < [^] and n > 4. Then F 
has girth 3, is geodesic transitive, but not 2-arc transitive. 

Proof. Since k > 2 and n > 4, it follows that Ui = [1, fc], M2 = {1} U [3, k + 1] 
and M3 = [2, k+l] are three vertices of F. By {J*), they are pairwise adjacent, 
so F has girth 3. Hence F is not 2-arc transitive. We will prove that F is 
geodesic transitive. Since F is distance transitive, it follows that F is 1- 
geodesic transitive. 

Now suppose that F is (j — l)-geodesic transitive where j G [2,k]. Let 
V = (fo, "^1, ■ ■ ■ , fj-i, Vj) where Vi = [1, k — i]U [k + 1, k + i] for each i G [0, j]. 
Then by (J*), V is a j-geodesic. Let U be any other j-geodesic. Then 
since F is (j — l)-geodesic transitive, there exists a G AutF such that = 
(fo, fi, ■ ■ ■ , f j-i, Uj) which is also a j-geodesic, and in particular uj G Fj(t>o), 
so IfoHujl = k—j by (J*). Since Vj-i and uj are adjacent, \vj-inuj\ = k — 1. 
Hence there exist a unique x such that {x} = f j_i \ Uj and a unique y such 
that {y} = Uj \ fj-i. First, if a; > + 1, then [l,k — (j — 1)] C uj, so 
Ivofltijl > k—{j—l) which contradicts l^^oHMjl = k—j. Thusx G [1, A;— (j— 1)], 
and hence [A; + l, A; + (j — 1)] '^Uj. Second, if ?/< A;, then ?/ G [A; — (j — 2), A;]. It 
follows that voHuj contains ([1, k — {j — 1)]U {y})\{x} , a set of size A; — (j — 1), 
which also contradicts Ifofl-Ujl = k—j. Thus y > k, and hence y G [k + j,n]. 
Therefore, Uj = ([1, A;-(j-l)]\{x})U[A; + l, A; + (j-l)]U{?/}. Let A = AutF. 
Since [1, k — {j — l)] C tioflfifl- ■ -riVj^i and [k+j, n] C n\(i;oUfiU- ■ -Uvj^i), 
and since Sym{Q) < A, it follows that ^^^^([l. A; — (j — 1)]) x 5'ym([A;+j, n]) < 
Avo,vi,--- ,vj.i- Hence there exists (3 G Ay^^y-^^^... ^y._-^ such that x^ = k — {j — 1) 
and y^ = k+ j, and so {vq, Vi,V2,--- , Mj)^ = (^^o, Vi,V2,--- , Vj_i, Vj) = V, 
that is W"^ = V. This completes the induction. Thus F is geodesic transitive. 
□ 

3.2 Hamming graphs 

Let n > 2 and let d be a positive integer. Then the Hamming graph 
H((i, n) has vertex set = Z„ x Z„ x ■ ■ ■ x Z„, seen as a module on the 
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ring = [0,72 — 1], and two vertices u,v are adjacent if and only if u — v 
has exactly one non-zero entry. For a vertex u G VB.{d,n), we denote by 
\u\ the number of its non-zero entries. Then by [3], Section 9.2], B.{d,n) has 
diameter d, valency d{n — l), is distance transitive, AutH((i, n) = SnlSd, and 
for two vertices u,v, 

u G Tkiv) where k < d ii and only if \u — v\ = k. {H*) 

Proposition 3.2 Let T = }i{d,n) with d > 2, n > 2. Then T is geodesic 
transitive. Moreover, if n = 2 and d > 3 then T has girth 4 and is 2-arc 
transitive but not 3-arc transitive, while if n > 3 then T has girth 3 and is 
not 2-arc transitive. 

Proof. Since F is distance transitive, it follows that F is 1-geodesic transitive. 

Now, suppose that F is {j — l)-geodesic transitive where j G [2,d]. Let 
V = (fo, fi, ■ ■ ■ , Vj) where for each i G [0, j], Vi = (1, ■ ■ ■ , 1, 0, ■ ■ ■ , 0), the 
first i entries are equal to 1 and the last {d — i) entries are equal to 0. Then 
by {H*), V is a j-geodesic. 

Suppose that U is any other j-geodesic of F. Since F is (j — l)-geodesic 
transitive, there exists a G AutF such that U" = {vo,Vi,--- ,Vj_i,Uj) for 
some Uj. Suppose that the last d — {j — 1) entries of Uj are 0. Since Vj^i,Uj 
are adjacent, \uj — Vj^i\ = 1. Hence one of the first j — 1 entries of uj is equal 
to X and the rest are 1 for some x ^ 1, while the last d—{j — 1) entries are 0. 
Thus \uj — Vol = J ~ 2 or j — 1 according as a; is or not. However by [H*), 
\uj — Vol — j which is a contradiction. Thus, Uj has at least one non-zero 
entry in the last d — {j — 1) entries. Further, since the last d — {j — 1) entries 
of Vj^i are and \uj — = 1, it follows that for some x G Zn\ {0}, the 
first (j — 1) entries of uj are 1, and x is the unique non-zero entry in the last 
d — {j — 1) entries. Moreover, since for each i G [0, j — 1], the last d — {j — 1) 
entries of Vi are 0, it follows that Sym{Zn \ {0}) I Sym{[j,d]) < 
Thus there exists /3 G Ay^^... such that = (1, ■ ■ ■ , 1, 1, 0, • • • , 0) = Vj. 
Therefore, = V, and hence F is j-geodesic transitive. By induction, F is 
geodesic transitive. 

If n = 2, then for each vertex u, and for any two vertices v, w of F(m), \v — 
iy| = 2, that is f , w are not adjacent, so the girth of F is not 3. Further, ui = 
(0, 0, ■ ■ ■ , 0), M2 = (1, 0, • ■ ■ , 0), M3 = (0, 1, 0, ■ ■ ■ , 0) and M4 = (1, 1, ■ ■ ■ , 0) 
are four vertices of F such that M2, M4, M3, mi) is a 4-cycle, so the girth 
is 4. Now 2-arcs and 2-geodesics are the same, and since diam(F) = d > 3, 
it follows that F is 2-arc transitive but not 3-arc transitive. If n > 3, then 
^2, Ms, Ml) is a triangle where Mi = (0, 0, ■ ■ ■ , 0), ^2 = (1, 0, 0, ■ ■ ■ ,0) and 
U3 = (2, 0, 0, ■ ■ ■ , 0), so F has girth 3, that is, F is arc-transitive but not 2-arc 
transitive. □ 
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3.3 Odd graphs 



Let Q = [1, 2k + 1] where k > 1. Then the Odd graph Ok+i is the graph 
whose vertex set is the set of all fc-subsets of fl, and two vertices are adjacent 
if and only if they are disjoint. By [3l Section 9.1], Ok+i is distance transitive, 
its diameter is k, valency is + 1, and AutO^+i = 5*2^+1. By [2], for two 
vertices u,v of Ofc+i, 

u G Ti{v) if and only if |u fl f | = j when i = 2j + 1; \u r\v\ = k — j when 
z = 2j. (O*) 

Note that if A; = 1, then O2 = C3 is s-arc transitive for all s > 1. So we 
will assume that k >2. 

Proposition 3.3 Let T = Ok+i with k > 2. Then T is geodesic transitive, 
and is 3-arc transitive but not A-arc transitive. 

Proof. Since F is distance transitive, it follows that F is 1-geodesic transitive. 

Now, suppose that F is (j — l)-geodesic transitive where j G [2,k]. Let 
V = (fo, f 1, ■ ■ ■ , Vj) where V2i = [1, k — i] U [2k — i + 2, 2k + 1] and V2i+i = 
[k — i + 1,2k — i] for i > 0. Then by (O*), V is a j-geodesic. Suppose that 
U is any other j-geodesic of F. Then since F is (j — l)-geodesic transitive, 
there exists a E A := AutF such that = (fo, fi, ■ ■ ■ , Vj-i, uj) for some Uj. 

First, suppose that j = 2Z is even. Let Ai = A2 = [k—l+2,k], 

A3 = 2k-l+l] and A4 = [2k-l+2, 2k+l]. Then = A1UA2UA3UA4, 

Vj-i = A2 U A3 and Vj = (Ai U A4) \ {k — I + 1}. Since Vj-i and Uj are 
adjacent, it follows that vj^i fl Uj = 0, and hence Uj C Ai U A4. Since 
Uj G Fj(t>o) and j is even, by (O*), Ifofl-Ujl = k — l. Hence |Mj\fo| = /. Since 
Ai C tiQ, it follows that Uj\vo C A4. Since \uj\vQ\ = I = \ Ai\, it follows that 
Uj \vo = A4, so A4 C Uj. Hence Uj = (Ai U A4) \ {x} for some x G Ai. Since 
for each m G [0, j — 1], Ai C when m is even, and Ai n = when m 
is odd, it follows that Sym{Ai) < A^^^yj^^... There exists (3 G Sym{Ai) 
such that = k — I + 1. Hence Uj = Vj and so W"^ = V. 

Second, suppose that j = 2/ + 1 is odd. We let Ai = [l,k — I], A2 = 
[k - I + l,k], A3 = [A; + 1, 2A; - / + 1] and A4 = [2A; - / + 2, 2k + 1]. Then 
= Ai U A2 U A3 U A4, Vj^i = Ai U A4 and Vj = (A2 U A3) \ {2A; - / + 1}, 
so Uj C A2 U A3. Since f fl A3 = 0, it follows that vq fl Uj C A2. Further 
since j is odd, by (O*), |fo fl Uj\ = I = IA2I. Hence vq fl Uj = A2. Thus 
Uj = (A2 U A3) \ {x} for some x G A3. Since for each m G [0, j — 1], 
A3 C Vm when m is odd, and A3 fl f „ = when m is even, it follows that 
Sym^A^) < A^Q^^j There exists (3 G Sym^A^) such that = 2k—l+l, 

and hence Uj = Vj, and W"^ = V. Thus F is j-geodesic transitive. Therefore, 
by induction F is geodesic transitive. 
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If = 2, then T is the Petersen graph which has girth 5 and is 3- arc 
transitive but not 4-arc transitive. If > 3, then by [21 Section 9.1], F 
has girth 6, that is, 3- arcs and 3-geodesics are the same. This together 
with geodesic transitivity show that F is 3-arc transitive. Let k = 3 and 
vo = {1,2,3}, vi = {4,5,6}, V2 = {1,2,7}, V3 = {3,4,5}, = {1,2,6} and 
^5 = {1,6,7}. Then Wi = (wo, t-i, t;2, ^3, ^4) and W2 = {vo,Vi,V2,V3,V5) are 
two 4-arcs, dr{vo,V4) = 2 and dr{vo,V5) = 3. So there is no automorphism 
mapping Wi to VV2, and hence F is not 4-arc transitive. If A; > 4, then 
diam(F) = k > A and some 4-arcs lie in 6-cycles and so are not 4-geodesics. 
Hence F is 3-arc transitive but not 4-arc transitive. □ 

3.4 Proof of Theorem 11.11 

First we collect information about the geodesic transitivity of several 4- 
arc transitive graphs. 

Lemma 3.4 The Biggs-Smith graph and the Foster graph have valency and 
diameter as in Table 1, and are geodesic transitive. Moreover, for s as in 
Table 1, these graphs are s-arc transitive but not [s + l)-arc transitive. 

Proof. Let (F, s) G {{Biggs— Smith graph, A), {Foster graph, 5)}. Then 
by |3i p. 221] and f2T\ Theorem 1.1], F has valency and diameter as in Table 
1, and for s as in Table 1, F is s-arc transitive but not {s + l)-arc transitive. 
Thus F is s-geodesic transitive. Let d = diam(F) and {vo,vi,--- ,Vd) be a 
(i-geodesic. Then d = s + ?>. By [3, p. 221], \T{vj) fl Fj+i(fo)| = 1 for every 
j = d — 3,d — 2,d — 1, and it follows that F is geodesic transitive. □ 

As in [SI p. 84] we define a generalized polygon, or more precisely, a general- 
ized d-gon, as a bipartite graph with diameter d and girth 2d. The generalized 
polygons related to the Lie type groups A2{q),B2{q) and G2{q) {q is prime 
power) are classical generalized polygons, and are denoted by A3 g, A4 ,j and 
Ag q, respectively. They are regular of valency q -\- 1. 

Lemma 3.5 The only distance transitive generalized polygons of valency at 
least 3 that are s-arc transitive but not {s + l)-arc transitive, for some s > 4, 
are ^s-i,q where {s, q) G S = {(4, g), (5, 2"^), (7, 3"^)! q is a prime power and 
m is a positive integer } . Moreover, all these graphs are geodesic transitive. 

Proof. Let F be a distance transitive generalized polygon of valency at least 
3 that is s-arc transitive but not (s -|- l)-arc transitive for some s > 4. Let g 
be its girth. Suppose that s < Then for any two vertices u, v at distance 
s -|- 1, there exists a unique (s -|- l)-arc between them. Since F is distance 
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transitive, it follows that F is (s + l)-arc transitive, which contradicts our 
assumption. Thus s > Since F is a generalized polygon, g is even. By 
[211 Theorem 1.1], s G f , ^}. If s = ^ or f , then |2ll Theorem 

1.1] shows that F is one of ^s-i,q where (s,g) G S. Let A = AutF. Since 
F is distance transitive, Au is transitive on Fs+i('u) for each vertex u. Thus, 
if s = by [2T| Theorem 1.1], F is the Biggs-Smith graph, which is not 
a generalized polygon. Moreover, since each As~i,q has diameter s — 1, it 
follows that all these graphs are geodesic transitive. □ 

These lemmas allow us to specify precisely the geodesic transitive graphs 
which are 4-arc transitive. 

Proposition 3.6 Let T be a regular graph of valency at least 3. Then F is 
geodesic transitive and s-arc transitive but not {s + l)-arc transitive for some 
s > 4 if and only ifV is in one of the lines of Table 1. Table 1 also gives the 
valency, integer s and diameter for each graph. In particular, diam(F) < 8. 

Table 1: Geodesic and s-arc transitive graphs that not (s -|- l)-arc transitive 



Graph F 


Valency 


s 


Diameter 


Foster graph 


3 


5 


8 


Biggs-Smith graph 


3 


4 


7 


A3 ,j, g is a prime power 


g + 1 


4 


3 


A4^q, g = 2™, m is a positive integer 


q + l 


5 


4 


Ag^g, g = 3™, m is a positive integer 


q + l 


7 


6 



Proof. By Corollary 1.2 of [21j, if F is distance transitive, s-arc transitive 
but not (s + l)-arc transitive for some s > 4, then F is either the Foster graph 
or the Biggs-Smith graph, or a generalized polygon. The result now follows 
from Lemmas 13.41 and 13. 5[ □ 

Proof of Theorem 11.11 It follows from Propositions 13. H 13. 2[ 13.31 and 13.61 

that, for each s G {1, 2, 3, 4, 5, 7}, there are infinitely many geodesic transitive 
graphs that are s-arc transitive but not (s + l)-arc transitive. Further, for 
each s G {1,2,3}, Propositions 13. 1[ 13.21 and 13.31 show that there are such 
graphs with arbitrarily large diameter. Finally, by Proposition 13. 6[ this is 
not the case for s G {4,5,7}. Therefore geodesic transitive graphs that are 
s-arc transitive but not (s + l)-arc transitive with arbitrarily large diameter 
occur only for s G {1, 2, 3}. □ 
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4 Paley graphs 



In this section, we discuss a special family of connected Cayley graphs, 
namely the Paley graphs, which were first defined by Paley in 1933, see |13] . 
We prove that the Paley graph P{q) is distance transitive but not geodesic 
transitive whenever g > 13. 

Let g = be a prime power such that q = 1 (mod 4). Let Fg be a finite 
field of order q. The Paley graph P{q) is the graph with vertex set Fg, and 
two distinct vertices u, v are adjacent if and only if -u — f is a nonzero square 
in Fg. The congruence condition on q implies that —1 is a square in Fg, and 
hence P{q) is an undirected graph. 

Note that the field Fg has elements which are nonzero squares, so 
P{q) has valency Moreover, P{q) is a Cayley graph for the additive 

group G = = Zp. Let w be a primitive element of Fg. Then S = 
{w'^ , w'^ , ■ ■ ■ ,w'^~^ = 1} is the set of nonzero squares of Fg, and P{q) = 
Ca.j{G, S). Define t : Fg Fq,x x^. Then r is an automorphism of the 
field Fg, called the Frobenius automorphism, and AutFg = (r) = Z^. By ^ 
(or see [H]), AutP(g) = {G : {w'^)).{t) ^ (Z^ : Za^).Z^ < ArL(l,q). 

Let S' be the set of all nonsquare elements of G. Then |5"| = Define 
the Cayley graph E = Cay(G, 5") where two vertices u,v are adjacent if and 
only ii u — V G S'. Then S is the complement of the Paley graph P{q). 
Further, multiplication by w induces an isomorphism S = P{q), see jl6] . 

Now, we cite a property of Paley graphs. 

Lemma 4.1 ([8^ p. 221]) Let T = P{q), where q is a prime power such that 
q = 1 (mod 4). Let u,v be distinct vertices ofT. Ifu,v are adjacent, then 
\T{u) n r(t>)| = if u,v are not adjacent, then \T{u) fl r(f)| = 

4.1 Proof of Theorem 11.31 

Let Fg, G and w be as above, and let G* = (w) be the multiplicative group 
of Fg. As discussed above, P{q) = Cay{G, S) where 5* = {w^, w"^, ■ ■ ■ , w"^'^ = 
1}, and AutP(g) = (G : {w^)).{t) ^ {Z^ : Z^).Z^. 

Now we prove Theorem 11.31 

Proof of Theorem [Q Let F = P{q) and A = AutF. Let m = G G. 
Then = (w^).(r) has orbits {0}, 5* and 5" = G \ ({0} U S) on vertices. 
Now S = T{u) and as F is connected, F2(m) must be the other orbit S'. In 
particular, F has diameter 2 and is distance transitive and arc transitive. 

Suppose that v G T{u). By Lemma SH |F(m) n F(f)| = Thus, 
|F2(m) n r{v)\ = \r{v)\ - |F(m) n r{v)\ - l = if a is transitive on 
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the 2-geodesics of T then A^^v is transitive on T2{u) fl r(t>). In particular 
^ = \T2{u) n r(i;)| divides \Auv\ = e and hence g = 5 or 9. We consider 
P(5) and P(9). 

If g = 5, then P{q) = C5, so P{q) is geodesic transitive. 

Now, suppose that g = 9 = 3^. The field Fg is {a + bx \a,b E Z^} under 
polynomial addition and multiplication modulo /(x) = + 1. The set S is 
{1, 2, X, 2x}, and T2iu) = {x + 1, x + 2, 2x + 1, 2x + 2}. Letv = le S. Then 
r2(u)nr(t;) = {x + l,2x + l}. since A^v = (r) and (x + 1)^ = x^ + 1 = 2x + l, 
it follows that Au^ is transitive on r2(M) nr(f ), and hence F is {A, 2)-geodesic 
transitive. Since diam(r) = 2, F = P{9) is geodesic transitive. □ 

4.2 Arc-transitive graphs of odd prime order 

In this subsection we characterise the Paley graphs P{p), for primes p, as 
arc-transitive graphs of given prime order and given valency. This result is 
used in our proof of Theorem II. 2[ 

Proposition 4.2 Let T be an arc-transitive graph of prime order p and va- 
lency Then p = 1 (mod 4), AutF = Zp : Zp-i , and F = Pip). 

Z 2 

The proof uses the following famous result of Burnside. 

Lemma 4.3 ( ^ Theorem 3.5B]) Suppose that G is a primitive permutation 
group of prime degree p. Then G is either 2-transitive, or solvable and G < 
AGL{l,p). 

Proof of Proposition 14. 2L Since F has valency p is an odd prime. 

Since F is undirected and arc-transitive, it follows that F has p{^^)/2 edges. 
This implies that p = 1 (mod 4). 

Let A = AutF. Since A is transitive on ^F and p is a prime, A is primitive 
on ^F. Since F is neither complete nor empty, it follows by Lemma [4.31 that 
A < AGL{l,p) = Zp : Zp_i. Again by vertex transitivity, Zp < A. Thus, 
A = Zp : Z„i where Z„i < Zp^i. 

Since Zp is regular on VT, it follows from Lemma [2.31 that F is a Cayley 
graph for Zp. Thus F = Cay(G, S) where G = Zp, S C G \ {0}, S = S"^ and 
IS"! = Let V G VT be the vertex corresponding to G G. Then A^ = Z^ 
acts semiregularly on G \ {v} with orbits of size m. Since F is arc-transitive, 
A^ acts transitively on 5, so m = IS"! = Thus A = Zp-. Zv-\ . 

Now we may identify G with Fp and v with 0. Then A^ is the unique 
subgroup of order of F* = (w), that is, A^ = (w^). The At,-orbits in 
Fp are {0}, 5*1 = {w^,w^,--- ,w'''~^} and 5*2 = {w,w^,--- and so 

S* = 5*1 or 5*2, and F = P{p) or its complement respectively. In either case, 
T = P{p). □ 
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5 Graphs of prime valency that are 2-geodesic 
transitive but not 2-arc transitive 



We prove Theorem 11.21 in Subsection 5.1, that is, we give a classification 
of connected 2-geodesic transitive graphs of prime valency which are not 2- 
arc transitive. Note that the assumption of 2-geodesic transitivity implies 
that the graph is not complete. Since the identification of the examples is 
made by reference to deep classification results, we give in Subsection 5.2 an 
explicit construction of these graphs as coset graphs and verify the properties 
claimed in Theorem 11.21 

5.1 Proof of Theorem 11.2 

We will prove Theorem 11.21 in a series of lemmas. Throughout this sub- 
section we assume that F is a connected 2-geodesic transitive but not 2-arc 
transitive graph of prime valency p and that A = AutF. The first Lemma 
15.11 determines some intersection parameters. 

Lemma 5.1 Let {v,u,w) be a 2-geodesic of T. Then p = 1 (mod 4), |F(i;) fl 
T{u)\ = \T2{v) n F(m)| = 2^ and |F(t>) fl T{w)\ divides Moreover, 

Ay^^^ = Zr, : Zp-i , aI^u^ = Zp-i and A^u is transitive on T(v) fl T(u). 

'^2 2 ' 

Proof. Since F is 2-geodesic transitive but not 2-arc transitive, it follows 
that F is not a cycle. In particular, p is an odd prime. Let |F(f ) fl F(m)| = x 
and |F2(w) ft F(m)| = y. Then x + y = |F(m) \ {v}\ = p — 1. Since F is 
2-geodesic transitive but not 2-arc transitive, it follows that girth(F) = 3, 
so a; > 1. Since the induced subgraph [F(t>)] is an undirected regular graph 
with Y' edges, and since p is odd, it follows that x is even. This together 
with X + y = p — 1 and the fact that p — 1 is even, implies that y is also even. 

Since F is arc-transitive, Av^""^ is transitive on T{v). Since p is a prime, 
Av^^^ acts primitively on T{v). By Lemma [4. 3[ either Av^^^ is 2-transitive, or 
Av^'"^ is solvable and Av^""^ < AGL{l,p). Since F is not complete, it follows 
that [F(t>)] is not a complete graph. Also since girth(F) = 3, [F(t>)] is not 
an empty graph and so Av^^^ is not 2-transitive. Hence Av^^^ < AGL{l,p). 
Thus Av^""^ = Zp : Z^, where m\{p — 1) and m < p — 1. Hence m < 

Since F is vertex transitive, it follows that Au^^^ = Zp : Z^, and hence 
Au^v^ = Zm is semiregular on T{u) \ {v} with orbits of size m. Since F 
is 2-geodesic transitive, Au[v^ is transitive on F2(f) fl T{u), and hence y = 
|F2(f) n F(m)| =m, sox = p — 1 — m = m(2^ — 1) > "m, and x is divisible 
by m. 
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Now again by arc transitivity, \T{u) fl T{w)\ = \T{u) fl r(t>)| = x. Since 
|r2(f) n r(u)| = m, it follows that |r2(f) n T{u) n T{w)\ < m — l. Since 
T{w) n T{u) = {T{w) n T{u) n T{v)) U {T{w) n r(M) n r2(t;)), it follows that 

x< |r(«;)nr(M)nr(f)| + (m-i). (*) 

Let z = |r(w) n T{w)\ and n = |r2(f )|. Since T is 2-geodesic transitive, 
z,n are independent ofv,w and, counting edges between r(t>) and r2(f) we 
have pm = nz. Now z < \T{v)\ = p. Suppose first that z = p. Then m = n 
and r(t>) = T{w), and so for distinct Wi,W2 G r2(f), dr{wi,W2) = 2. Since T 
is 2-geodesic transitive, it follows that T{v) = T{v') whenever dr{v,v') = 2. 
Thus diam(r) = 2, VT = {v} U T{v) UT2iv) and \VT\ = l+p + m. Let 
A = {v} U r2(f). Then for distinct Vi,v[ G A, dr{vi,v[) = 2; for any 
v'{ G VT \ A, t>i, v'{ are adjacent. Thus, for any f i G A, A = {t>i} U r2(fi). 
It follows that A is a block of imprimitivity for A of size m + 1. Hence 
(m + l)|(p + m + 1), so (m + l)\p. Since m|(p — 1), it follows that m + 1 = p 
which contradicts the inequality m < 

Thus z < p, and so z divides m. Since \T{w) nT{u) nr(f)| < z, it follows 
from (*) that x < z + {m — 1) < 2m — 1 < 2m. Since x is divisible by m and 
X > m we have x = m. Thus 2m = x + y = p — 1, so x = y = 'm = and 
since x is even, p = 1 (mod 4). Also x = m implies that Ay^^ is transitive 
on r(f ) n r('u). Finally, since = pm = p{^^) and z < it follows that z 
divides □ 

Lemma 5.2 For f G \^r, i/ie stabiliser Ay = Z„ : Zp-i . 

Proof. Suppose that (f , u) is an arc of T. Then by Lemma [5. ![ Ay^'"^ = Zp : 
Zp-i , and aJ^u"* = Zp-i is regular on T(v) fl Lfw). Let -E be the kernel of the 

2 ' 2 

action of Ay on r(f ). Let m' G r(t') fl r('u) and x & E. Then x G ^t,,u,u'- 
Since Au^y^ = Zp^ is semiregular on T{u) \ {f}, it follows that x fixes all 
vertices of T{u). Since x also fixes all vertices of r(f ), this argument for each 
u G r(f ) shows that x fixes all vertices of r2(f ). Since F is connected, x fixes 
all vertices of F, hence x = 1. Thus E = 1, so Ay = Zp : Zp^. □ 

2 

Lemma 5.3 Let {v,u,w) be a 2-geodesic ofT. Then |F(f) nF(w)| = 
|F2(t;) nFH nFHI = ir^iv)] = p, and |F2(t;) nFHl = ^. 

Proof. Let z = |F(f) nF(ty)| and n = |F2(f)|. By Lemma 15.1^ |F(m) fl 
r2('t^)| = and z\^Y'- Counting the edges between T{v) and F2(f) gives 
= nz. By Lemma Ay^^ = Zp^, and by Lemma IF!T| Ay^u is transitive 
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on r(t>) nT{u), so [T{u)] is A^-arc transitive. Since p is a prime, it follows 
by Lemma [4.21 that [r(u)] is a Paley graph P{p)- Since v,w & r(u) are not 
adjacent, by Lemma l4?n \T{v) fl T{u) fl T{w)\ = ^j^, hence z > 2^ + 1. 
Since z\^^, it follows that z = Hence n = p. Thus, \T{v) nT{w)\ = 
and |r2(t')| = p. 

By Lemma [5.1[ we have |r(f ) fl r(M)| = Since F is arc transitive, it 
follows that |r(t>i) nr(t;2)| = for every arc (fi,f2)- Thus, |r(u)nr(u')| = 
2^. Since T{u) n T{w) = (T{v) n T{u) n r(w;)) U (Tiiv) n T{u) n T{w)) 

and \r{v) n r(M) n r(«;)| = 2^, it follows that \r2{v) n r(M) n r(u;)| = 

2^ — 2^ = Since = Zp : Zp-i , it follows that = Zp~i and 

is semiregular on r2(f ) \ {w} with orbits of size Since r2(f ) fl T{w) C 
r(w7) \ T{v) ( of size ^ ) and since |r2(u) n T{w) n r(M)| = 2_1 > q, it 
follows that |r2(t;) n T{w) \ = 2^. □ 

Lemma 5.4 Let v be a vertex of T . Then |r3(f)| = 1 and diam(r) = 3. 

Further, F is geodesic transitive. 

Proof. Suppose that {y, u, w) is a 2-geodesic of F. Then by Lemma 15.31 
\T{v) n T{w)\ = 2^ and |F2(t;) n FH| = 2^. Hence \Ts{v) n T{w)\ = 
p — |F(t>) n T{w)\ — |F2(t') n T{w)\ = 1. Since F is 2-geodesic transitive, it 
follows that |F3(t>) n F(t(;i)| = 1 for all wi G F2(f). Further F is 3-geodesic 
transitive. 

Let T^iv) n T{w) = {v'}, n = \T3{v)\ and i = \T2iv) n T{v')\. Counting 
edges between F2(f) and F3(t>), we have p = ni. Since [F(w)] is a Paley 
graph and G F(w) are not adjacent, it follows from Lemma l4.ll that 
|F(m) nF(w) nF(t>')| = 2^. Since F(-u) nF2(f) contains these 2^ vertices as 
well as w, we have i > 2^2 > x. Thus i = p and n = 1, that is, |F3(f)| = 1. 
Since |F2(f ) fl F(t>')| = p and |F2(f )| = p, it follows that F2(w) = F(i;'), and 
so diam(F) = 3. Therefore F is geodesic transitive. □ 

Now, we prove Theorem 11.21 

Proof of Theorem 11.21 Since the graph F is 2-geodesic transitive but not 
2-arc transitive, it follows that girth(F) = 3, and hence F is nonbipartite. 
Let V G Vr. Then it follows from Lemmas 15.11 to 15^ that p = 1 (mod 4), 
|r2(t;)| = p, |F3(t;)| = 1 and diam(F) = 3. Thus, VT = {v} U T{v) U T2iv) U 
{v'}, where F3(t>) = {v'}, F(t>) = F2(f') and F2(f ) = F(t>'). Since F is vertex 
transitive, these properties hold for all vertices of F. Thus, F is an antipodal 
graph. By Lemma EH F is geodesic transitive, and hence distance transitive. 

Let B = {Ai, A2, ■ ■ ■ , Ap+i} where Aj = {ui, u'j} such that dr{ui, u[) = 3. 
Then each A, is a block for AutF of size 2 on VT. Further, for each j i, Ui 
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is adjacent to exactly one vertex of A^, and u[ is adjacent to the other. The 
quotient graph S such that = B, and two vertices Aj, Aj are adjacent 
if and only if {Aj, A^} contains an edge of F, is therefore a complete graph 
S = Kp^i and F is a cover of E. 

Therefore, we know that F is a nonbipartite antipodal distance transitive 
cover with fibres of size 2 of the complete graph Kn, where n = p + 1, p = 1 
(mod 4), and diam(F) = 3, so it is one of the graphs listed in I or II of 
Lemma [2.41 Since p = 1 (mod 4), it follows that n = 2 (mod 4). However, 
for I (a), (c), and II, = (mod 4), so F is not a graph in one of these 
cases. For I (6) and (d), n — 1 is not a prime, so F is not in one of these 
cases either. Thus F is the graph in I (e) of Lemma 12.41 with q = p prime. 
Hence F is unique up to isomorphism and A = Aut(F) < PSL{2,p) x Z2. 

By Lemma 15.21 A.^ = Z„ : Zp^ for every v G VT, and since F is vertex 

2 

transitive, it follows that \A\ = p{p + l){p — 1) = \PSL{2,p) x Z2I. Thus 
A = PSL{2,p) X Z2. □ 

5.2 Construction 

In Subsection 5.1, we proved Theorem 11.21 using results of to classify 
the connected 2-geodesic transitive graphs of prime valency p which are not 2- 
arc transitive. Here we identify the examples explicitly. The unique example 
of valency 5 is the icosahedron, and we assume from now on that p > 5 
and p = 1 (mod 4). Taylor gave a construction of this family of graphs 
from regular two-graphs, see [U p. 14] and [17]. Here we present a direct 
construction of these graphs as coset graphs, fleshing out the construction 
given by the third author in the proof of pil| Theorem 1.1] in order to prove 
the additional properties we need for Theorem 11.21 

For a finite group G, a core-free proper subgroup H, and an element 
g E G such that G = {H, g) and g"^ e H, the coset graph Cos(G, H, HgH) is 
the graph with vertex set {Hx\x e G}, and two vertices Hx, Hy adjacent if 
and only if yx~^ G HgH. It is a connected, undirected, and G-arc transitive 
graph of valency \H : H H H^ \ , see [12] . 

Construction 5.5 Let G = PSL{2,p) where p > 5 is a prime and p = 1 
(mod 4). Choose a E G such that o(a) = p. Then Nciia)) = (a) : (6) = 
Zp : Zp^ for some b G G, o{b) = Further, there exists an involution 

g e G such that NcUb'^)) = {b) : {g) ^ Dp_i. Let H = {a) : {b^} and 
F = Cos{G,H, HgH). 

First, in the following lemma, we show that the coset graph in Construc- 
tion 15.51 is unique up to isomorphism for each p. We repeatedly use the 
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fact that each o G AutG induces an isomorphism from Cos(G, if, HgH) to 
Cos(G, , H^g^W), and in particular, we use this fact for the conjugation 
action by elements of G. 

Lemma 5.6 For each fixed prime p > 5 and p = 1 (mod 4), up to isomor- 
phism, the graph T in Construction 15.51 is independent of the choices of H 
and g. 

Proof. Let G = PSL{2,p) where p > 5 is a prime and p = 1 (mod 4). 
Let elements ai,bi,gi and subgroup Hi be chosen as in Construction 15.51 for 
i e {1,2}. Let X = PGL(2,p) ^ Aut(G). 

Since all subgroups of G of order p are conjugate there exists x G G 
such that (02)^ = (ai), so we may assume that (oi) = (02) = K, say. Let 
Y = Nx{K). Then Y = K : {y) where o{y) = p - 1, and Hi = K : (bj) and 
H2 = K : (62) are equal to the unique subgroup of Y of order that 
is. Hi = H2 = K : (y^) = H, say. Next, since all subgroups of Y of order 
are conjugate, there exist xi,X2 G Y such that = (^2)^^ = (v^)- 

Since each Xi normalises H we may assume in addition that (bf) = (62) = 
(y^) < {y). Thus gi,g2 are non-central involutions in Nc{{y'^)) = -Dp-i, an 
index 2 subgroup of Nx{{y^)) = {y) '■ (z) = -D2(p-i)- The set of non-central 
involutions in Ndiy^)) form a conjugacy class of Nx{{y^)) of size and 
consists of the elements y'^^z, 

for < i < The group (y) acts transitively 
on this set of involutions by conjugation (and normalises H). Hence, for 
some u G (y), H^ = H and g"^ = gi- □ 

Now we show that the coset graph F in Construction 15.51 is 2-geodesic 
transitive but not 2-arc transitive of prime valency p. We first state some 
properties of F which can be found in [TOl Theorem 1.1] and its proof. 

Remark 5.7 Let F = Cos{G, H, HgH) as in Construction 15.51 Then G = 
{H,g), F is connected and G-arc transitive of valency p, AutF = G x Z2, 
\Vr\ = \G : H\ = 2p + 2. Further, diam(F) = girth(F) = 3, so F is not 2-arc 
transitive. 

Again, by the proof of pUl Theorem 1.1], the action of AutF on VT has a 
unique system of imprimitivity B = {Ai, A2, ■ ■ ■ , Ap+i}, with A,; = {t>j,t>-} 
of size 2, and the kernel of the action of AutF on B has order 2. Moreover, 
Vi is not adjacent to u-, and for each j 7^ i, Vi is adjacent to exactly one 
point of Aj and v'^ is adjacent to the other. Thus, F(fi) fl F(t>^) = 0, VT = 
{vi} U F(t'i) U {v'l} UT{v[), and F is a nonbipartite double cover of Kp+i. 

Lemma 5.8 The graph F = Cos(G, H, HgH) in Construction 15.51 is 2- 
geodesic transitive but not 2-arc transitive. 
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Proof. Let A := Autr, Vi G VT and u e T{vi). Let E be the kernel 
of the y4-action on B and A = A/E. Then by the proof of [10, Theorem 
1.1], E = Z2<A, A = GxE,A = G = PSL{2,p) and Aa, = A^^. 
Since A = G x Z2, it follows that |A^J = and by Lemma 2.4 of [ID], 

= Zp : Zp^, which has a unique permutation action of degree p, up 
to permutational isomorphism. Since F is A- arc-transitive, A^,^ is transitive 
on r(t>i) and hence on i3 \ {Ai}, and therefore also on T{v[), all of degree 
p. Thus the A^i^-orbits in VT are {fi}, r(fi), r(t>^) and {v[}, and it follows 
that T{v[) = r2(fi). Moreover, A^^^u — Zp-i has orbit lengths 1, in 
r(fi), and hence has the same orbit lengths in r2(fi), and also in T{u) (since 
Ay-^^^u is the point stabiliser of Au acting on T{u)). Since r(fi) fl T{u) 7^ 0, it 
follows that the A^^^^-orbits in T{u) are {vi}, r(t>i) nr(M), and r2(fi) nr(M). 
It follows that r is {A, 2)-geodesic transitive. Since girth(r) = 3, F is not 
2-arc transitive. □ 
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